The sound radiation from elastically restrained plates covered by a decoupling layer is studied using the Spectrogeometric Method (SGM), which is a meshless and parametric modeling technique. By adopting the Rayleigh-Ritz procedure and the Rayleigh integral, a vibroacoustic coupling system is established. This model studies the situation when the plate is immersed in heavy fluid, such as water, in which the strong coupling between the structure and sound field should be fully considered. The influence of the boundary conditions on the radiated sound power and sound reduction provided by the decoupling layer based on the locally reacting model is studied. The nonuniform distributed decoupling layer is also studied to analyze the sound reduction effect. The sound intensity on the outer surface of the decoupling layer is investigated and tends to be uniform along the plate scale with increasing thickness of the decoupling layer.
Introduction
The addition of decoupling materials to an elastic vibration structure is a significant approach to reduce the sound radiated from the structure immersed in heavy fluid. The decoupling materials should have a low stiffness in comparison to the base structure to support thickness deformation induced by the action of dynamic pressure in the fluid. This deformation enables isolation of the fluid from the vibration of the base structure.
Sound radiation from plates in a heavy fluid has been fully studied by taking the fluid-structure coupling into consideration [1] [2] [3] [4] [5] [6] [7] [8] . To reduce the sound radiation, the addition of decoupling materials to the surface of the plates has been studied in recent years. In the literature, there are mainly two models to analyze the decoupling layer: the three-dimensional theory of elasticity [9] [10] [11] [12] [13] [14] [15] and the locally reacting model [16] [17] [18] [19] [20] [21] . The former model accounts for thickness deformation, bending, shear, and extensional deformation of the decoupling layer. The latter model, the locally reacting model, assumes that the decoupling layer behaves as evenly distributed massless springs on the base structure. Chonan and Kugo [9] investigated the theoretical coincidence frequency and transmission characteristics of two-layer infinite plates excited by a plane acoustic wave with the use of the Lame potential function. Ko [10] developed a theoretical model to evaluate the reduction of structureborne noise from an infinite plate coated with an air-voided elastomeric baffle. A lighter material is found to be more suitable for the reduction of structure-borne noise. Accounting for the attached distributed inhomogeneity, Zhang and Pan [12, 13] established a theoretical model to investigate the sound radiation and absorption properties of coated infinite plates. Tao et al. [14] developed a vibroacoustic coupled model to predict the noise reduction performance of a void decoupling layer covered on an infinite bare plate based on the impedance transfer matrix. To simplify the formula of sound radiation from the decoupling layer, the locally reacting model is commonly used, especially when the density of the decoupling is small, and therefore is more suitable for the sound reduction [10] . Laulagnet and Guyader [18, 20] used the locally reacting model to calculate the sound radiated from a thin, simply supported cylindrical shell covered by a compliant coating. This method was compared to a rigorous model that involves the three-dimensional theory of elasticity for the compliant layer motion, and the results revealed that the locally reacting model appropriately describes the vibroacoustic behavior of thin shells covered by a decoupling layer. Sandman and Boisvert [19] used the locally reacting model in the case that the base structure is a rigid piston. Foin et al. [17] studied the sound radiation from a simply supported rectangular plate using the locally reacting model. Xiao et al. [22] present an experimental investigation into the dynamic response of three free floating stiffened metal boxes with protective coatings subjected to underwater explosion. Sanches et al. [23] developed a direct version of the boundary element method to model the stationary dynamic response of reinforced plate structures to realize the noise or vibration reduction. The free vibration of sandwich panels was studied by Brischetto et al. [24] by introducing the zigzag function in the displacement models of classical and higher-order two-dimensional shell theories. Functionally graded material panels [25] were studied using generalized differential quadrature method to determine the static and dynamic responses.
Previous work mainly focused on the classic mounting conditions of the plates, especially with the simply supported ones. The mounting conditions of a vibrating plate are known to have significant influence on its sound radiation [26, 27] . The radiation from elastically mounted plates has been studied recently [28] [29] [30] . To the author's knowledge, there is no work focusing on the radiation from an elastically restrained plate with a decoupling layer on it. In the literature, the decoupling layer is studied when it is uniformly distributed on the surface. Motivated by a proposal for attaching a finite signal conditioning plate (SCP), Zhang and Pan [12, 13] studied the sound reduction of a plate covered by decoupling layer and an SCP as a distributed discontinuity. For a plate of large scale, the thickness of the decoupling layer on the plate may be nonuniformly distributed to obtain different sound reduction effects at different positions of the plate.
The present paper aims to develop an exact model for the sound radiation characteristics from elastically mounted plates covered by a decoupling acoustic coating layer. The plate is elastically restrained against both translation and rotation along the edges. By adopting the Fourier series expansion, a nonuniform distributed decoupling layer is also studied. The plate displacement function is universally expressed as a two-dimensional Fourier cosine series supplemented with several one-dimensional series that are introduced to address the potential convergence difficulties. Both the displacement function of the outer surface of decoupling layer and the sound pressure radiated from the decoupling layer are expressed as the combination of a Fourier cosine series. By adopting the Rayleigh-Ritz procedure and the Rayleigh integral, the strong coupling between the structure and acoustic space is considered. Classic and elastically mounted boundaries can be realized by setting the restrained springs at boundaries to infinity or to a given value. The proposed formulation helps to reduce the computational time by converting the quadruple integral into four single integrals via Fourier expansion. The analytical results are validated with those in the literature. The effect of restrained stiffness and the thickness of the decoupling layer on the sound reduction is studied.
Theory
A typical configuration of the vibroacoustic coupling model of an elastically restrained plate backed in an infinite rigid baffle is shown in Figure 1 . The plate is covered with a decoupling layer on the acoustic-space side. The Love-Kirchhoff plate theory is adopted, which only considers the transverse bending deformation. The decoupling layer is described as the locally reacting model. The plate-baffled system separates a heavy fluid from vacuum with a point force applied on the base plate. Considering the deformation of the decoupling layer, the displacements of the base plate and the outer surface of decoupling layer are 1 and 2 , respectively.
For the rectangular plate with general elastic boundary supports, its flexural displacement can be invariantly expanded into a modified Fourier series as [23] 
where = / , = / , and , , and represent the unknown Fourier expansion coefficients to be determined. The supplementary functions ( ) and ( ) are introduced to overcome the potential discontinuities encountered when the displacement function and its lowerorder derivatives are periodically extended onto the entire − plane, as mathematically implied by the Fourier expansion. As an immediate numerical benefit, the Fourier series in (1) will converge uniformly at an accelerated rate.
For the decoupling layer, the displacement of the outer surface is expressed as a standard Fourier cosine series:
in which represents the Fourier coefficients for the displacement of the outer surface. The sound pressure on the outer surface of the decoupling layer is simply expressed as a standard Fourier cosine series:
where denotes the complex Fourier coefficients for the pressure of the sound field.
The decoupling layer is considered as a locally reacting decoupling layer, in which it is assumed that the deformation of the decoupling layer depends on the surface acoustic pressure and the impedance of the decoupling layer. The deformation of the decoupling layer is described by the following relation:
in which ( , ) is the impedance of the decoupling layer. Based on the locally reacting model, ( , ) could be expressed as
in which , , and ℎ ( , ) are, respectively, the modulus of the decoupling layer, the damping modulus, and the thickness of the decoupling layer on the plate. Assuming that the decoupling layer acts as a massless spring, the stress acting on the base plate is the same as the surface acoustic pressure ( , ) on the decoupling layer. In this paper, the decoupling layers with varying thickness along the plate scale are taken into consideration. To account for the arbitrariness of the decoupling layer distribution, the impedance of the coupling layer is expanded into a Fourier cosine series:
Once suitable forms of solutions have been chosen, the Rayleigh-Ritz procedure can be used to calculate the unknown expansion coefficients. The Lagrangian for the plate structure can be written as
where plate is the total potential energy associated with the transverse deformation of the plate and the deflections of the restraining springs; plate denotes the total kinetic energy of the plate; represents the mechanical work introduced by the exciting force acting on the base plate; and is the mechanical work introduced by the normal stress acting on the base plate, which is written as
The total potential and kinetic energy for the plate can be explicitly expressed as
in which , , , , and ℎ are the frequency of the exciting force in radians, the flexible rigidity, the Poisson ratio, the mass density, and the thickness of the plate, respectively, and 0 and 0 are the translational and rotational stiffness restrained at = 0, respectively, which are also applicable for , 0 , , , 0 , and . To account for the arbitrariness of the stiffness distribution for each elastic restraint, the stiffness function is expanded into a simple Fourier cosine series; for example,
wherẽ0 , is the Fourier coefficients of the Fourier cosine series expansion of the stiffness function 0 ( ) along = 0. It can be proved mathematically that the cosine series expansion of any continuous stiffness function converges at a rate of at least ( ) 2 .
Mathematical Problems in Engineering
The work done by the point force (acting on the base plate) can be calculated as
in which is the Dirac function, ( , ) is a harmonic point force with the frequency of in radians, and ( 0 , 0 ) is the location where the force is applied.
Substituting (8), (9), and (11) into (7) and then minimizing (7) against the unknown Fourier coefficients result in the following:
in which A and P are the Fourier coefficients in (1) and (3) and C, K , and M are the coupling matrix, the stiffness matrix, and the mass matrix of the plate, respectively. Because the thickness variation of the decoupling layer is comparatively small compared to the acoustic wavelength in water when the frequency is lower than 3000 Hz, we consider in this paper that the acoustic pressure acting on the outer surface of the decoupling layer could be obtained by the Rayleigh integral:
where is the acoustic wave number, 0 is the density of the acoustic medium,
is the velocity of the outer surface of the decoupling layer, 2 = 2 . To effectively calculate the integral in (13), the integrand will be first expanded into a Fourier cosine series as
(cos cos cos cos + cos cos sin sin + sin sin cos cos
where = − , = − , and are Fourier expansion coefficients. In the implementations, the Fourier coefficients are actually calculated using a Discrete Cosine Transform (DCT) or FFT.
Substituting (2), (3), and (14) into (13) and making use of the orthogonality of the cosine functions yields
in which
It is evident from (15) that the quadruple integrals have been reduced into a number of single integrals, which can all be readily calculated in a closed form.
Equation (15) can be rewritten as
in which B, , and Q is the Fourier coefficients in (2), the matrix of , and the integral of cosine function in (15) . The normal displacement of the plate is given by (1). In accordance with the pressure expression, we will also reduce the displacement into a simple cosine series by simply expanding the supplementary functions, ( ) and ( ), into the Fourier cosine series. Thus, the displacement of the plate simplifies to
Mathematical
Equation (18) can be rewritten in matrix form as follows:
Substituting (1), (2), (3), and (6) into (4), one gets
Making use of the orthogonality of the cosine functions, one is able to yield
Combining (12), (17) , and (23), the final system equation can be derived as
Note that (24) represents a strongly coupled vibroacoustic system; that is, the interactions between the vibration of the plate and the pressure fields have been faithfully taken into account. Thus, the sound pressure distribution on the outer surface of the decoupling layer and the displacements of base plate and decoupling layer can be simultaneously obtained separately.
For the situation without decoupling layer, the relation between acoustic pressure and the displacements of base plate and decoupling layer, (4), is ignored. The Rayleigh integral is reduced to
Combining (12) and (25), we obtain the system equation without the decoupling layer:
By comparing the results obtained by (24) and (26), one could study the sound reduction provided by the decoupling layers.
In this paper, several indicators are introduced to analyze the vibration reduction provided by the decoupling layer. The indicators are the mean-square transverse velocity of the base plate, the radiated sound power into the fluid, the sound power reduction, and the sound intensity on the outer surface of decoupling layer. The mean-square transverse velocity of the base plate is averaged with respect to both time and space; namely,
in which * indicates the complex conjugate. The total radiated acoustic power from the decoupling layer can be calculated from
in which Re denotes the real part of a complex number. When there is no decoupling layer on the plate, the total radiated acoustic power from the base plate can be written as
The sound power reduction index is introduced to analyze the sound reduction effect of the decoupling layer, which is defined as = 10 log 10 ( 
The sound intensity on the outer surface of the decoupling layer can be obtained as
In the following part, several cases are analyzed to study the radiated sound power and sound reduction provided by the decoupling layer. 
Results
In this section, the proposed formulation will first be validated against some existing results in the literature. The sound power radiation and reduction will be then presented for plates with various boundary conditions. In the following examples, the parameters are specified as × = 0. 
Validation of the Proposed Formulation.
In the literature, the sound radiation from a plate with simply supported boundary conditions has been extensively studied. The sound radiation from a simply supported plate that emerged in water with decoupling layer was studied [17] , using a model that takes strong coupling between the plate and water into consideration. As previously mentioned, the proposed formulation offers a general method for the calculation of sound radiation from plates with decoupling layer with any boundary conditions. Under the current framework, the classical homogeneous mounting conditions can be simply viewed as the special cases when each elastic restraint is either extremely weak or strong. To compare with the results in [17] , the simply supported boundary conditions can be readily simulated by setting the stiffness values of the transverse and rotational spring to infinity and zero, respectively. Figure 2 shows the mean-square velocity of the base plate compared with [17] . From Figure 2 , the current results are found to match very well with those in [17] .
Sound Radiation from Plates with Different Boundary
Conditions. To study the effects of the mounting conditions on the sound radiation and reduction, different classic mounting conditions are first applied on the edges. The classic mounting conditions, simply supported (S), guided (G), and clamped (C), are studied. In Figures 3 and 4 , three types of mounting conditions, SSSS, GGGG, and CCCC, are chosen to calculate the radiated power and power reduction. Similar to the vibration of plate, the radiated sound power and power reduction are different with different mounting conditions applied at the edges. From Figure 3 it is seen that sound power radiated from the guided plate is larger than the situation when the plate is simply supported or clamped at the specific frequencies below 100 Hz. The sound power radiated from the clamped and simply supported plates increases with the increasing of the frequency especially at 10-100 Hz, while the power radiated from the guided plate keeps nearly the same. The peaks on the curves are mainly affected by the natural frequencies of the plates. Figure 4 shows that, at some particular frequencies, sound power reduction is negative, which means that the introduction of decoupling layer increases the sound power radiated into water at those frequencies. The curve values increase with the increasing of the frequency, except some peaks and troughs. Larger sound power reduction is derived for the high frequency since the thickness deformation plays a more important role in isolating the vibration with the increasing of frequency. To reduce the sound power radiation at low frequency, below 100 Hz, some other strategies should be adopted instead of adding decoupling layers to the plate to get a better sound reduction effect.
Next, the sound radiation from plates with elastic boundary condition is studied. To avoid the difficulty of dealing with several variables simultaneously, all four edges are subjected to the same elastic restraint. The stiffnesses of transverse and = 0.1 to 10 6 . Plotted in Figure 5 is the radiated sound power from the plate restrained by varying stiffnesses under the exciting frequencies of 300 Hz and 500 Hz. In addition, the sound power reductions are shown in Figure 6 . In Figure 5 , the dark red points mean that the natural frequencies of the structure match the exciting frequencies, 300 Hz and 500 Hz. From Figure 6 , it can be observed that a better sound reductions are obtained when / > 10 2 and 3 / > 10 4 , which is known as the clamped boundaries. Sound reduction, shown in Figure 6 , is negative for some combination of restraints, which means that the plates radiate more power when introducing the decoupling layer with those particular restraints. In the practical design, both sound power radiation and reduction should be taken into consideration to get a better control of sound radiation. Modifying restrained conditions hence represents a viable design option for controlling the sound power radiation with or without the decoupling layers.
Sound Radiation from Plates with Different Thicknesses of the Decoupling Layer.
For the most studies in the literature, the distribution of the decoupling layer is uniform and the thickness of the decoupling layer is kept as a constant along the plate scale. In this case, the sound radiated from the nonuniform distributed decoupling layer is studied, which can be obtained from (6) . Two types of thickness distributions are studied: a uniform one, with ℎ 1 ( , ) = 10 mm, and a nonuniform one, with ℎ 2 ( , ) = 10+5 * cos( / )cos( / ) mm, as shown in Figure 7 . In these two cases, the amounts of the decoupling layer adopted are the same. From Figure 7 , the nonuniform distribution of decoupling layer is observed to radiate more power than the uniform one at most of the frequency bands. The peak points on both curves keep nearly the same since the changing of decoupling layers at those two situations has no significant influence on the natural frequencies of these structures. For practical application, the uniform distribution of the decoupling layer will generate a better sound reduction effect for most of the situations. Finally, the sound intensity distribution on the outer surface of the decoupling layer is analyzed with different decoupling layer thicknesses under the simply supported boundary conditions. Four different thicknesses of the decoupling layer are studied: 5, 10, 15, and 20 mm. Figures 8 and 9 show the sound intensity on the outer surface of the decoupling layer under 400 Hz and 500 Hz excitation frequencies, respectively. The sound intensity distributions are mainly affected by the modal shapes at those exciting frequencies. In Figure 8 , the dark red point at the lower left corner is the place where the exciting force is applied, and the red point at the top right corner means that the transfer function value is large at this particular frequency. The same phenomenon could also be seen in Figure 9 . From these two figures, it can be observed that, with increasing thickness, the sound intensity decreases, and the distribution of sound intensity tends to be much more uniform along the plate scale because of the isolation of the fluid from the base plate. In the extreme situation, the outer surface of the decoupling layer will act like a piston when the decoupling layer is sufficiently thick.
Conclusion
The sound radiation from an elastically mounted plate covered by a decoupling layer immersed in semi-infinite water has been studied in this paper. The elastic boundary condition is realized by applying elastic restraints against both deflection and rotation on the four edges of the rectangular plate. Any uniform or nonuniform boundary condition can be directly taken into account by specifying the stiffness distributions accordingly. A fully vibroacoustic coupling model is established. By analyzing the influence of restrained stiffness, the restraints are found to play very important roles in determining the sound radiation and reduction. The uniform distribution of the decoupling layer has a slightly better sound reduction effect than the nonuniform distribution one when the same amount of decoupling layer is adopted. For some particular combinations of restraints, the introduction of the decoupling layer increases the sound power radiated into water. The sound intensity distribution on the surface of decoupling layer tends to decrease and be much more uniform when the thickness of decoupling layer increases because of the isolation of the fluid from the vibration of the base structure.
